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Coherence Statistics of Structured Random
Ensembles and Support Detection Bounds for OMP

Qiyou Duan
and Erik Perrins

Abstract—A structured random matrix ensemble that maintains
constant modulus entries and unit-norm columns, often called a
random phase-rotated (RPR) matrix, is considered in this letter.
We analyze the coherence statistics of RPR measurement matrices
and apply them to acquire probabilistic performance guarantees
of orthogonal matching pursuit (OMP) for support detection (SD).
It is revealed via numerical simulations that the SD performance
guarantee provides a tight characterization, especially when the
signal is sparse.

Index Terms—Random phase-rotated (RPR) measurements,
coherence statistics, structured random ensemble, support
detection (SD), orthogonal matching pursuit (OMP).

I. INTRODUCTION

ANDOM matrix ensembles have found wide applica-

tions in fields of wireless communications and signal
processing [1]-[4]. Despite the fact that most studied Gaussian
measurement ensembles offer trackable analyses and appealing
results [S]-[7], they are of somewhat limited use in practical
applications because the design of measurement matrices is
usually subject to physical or other constraints provided by a
specific system architecture. It is desirable to explore random
matrix ensembles with hidden structure from a computational
and an application-oriented point of view.

Coherence has been utilized to measure the quality of the
measurement matrix [8]. Analysis of coherence statistics of
random vectors/matrices plays an important role in solving a
series of signal processing problems including the Grassman-
nian line packing [9], [10], random vector quantization [11],
[12], and support detection (SD) [5], [13]-[15]. In particu-
lar, the performance of SD considerably varies with the char-
acteristics of measurement matrices. There is a certain class
of random matrix ensembles with hidden structures that can
demonstrate an improvement in SD performance guarantees
compared to Gaussian ensembles [5]. Distinguished from the
Gaussian measurement matrix that does not contain hidden
constraints, the random phase-rotated (RPR) measurement ma-
trix, where each entry is drawn from the constant modulus
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uniform phase rotation distribution, brings the benefits of main-
taining unit-norm columns and constant modulus entries of
the measurement matrix. This measurement ensemble has been
utilized in advanced beamforming and precoding for wireless
communications [16], [17].

In this letter, we calculate high probability bounds on the co-
herence statistics of RPR measurement matrices and apply them
to obtain SD performance guarantees for orthogonal matching
pursuit (OMP), which is a low-complexity, greedy approach for
SD [5], [18]. The performance bound is in terms of the required
number of measurements for any given number of supports
and system dimensions. A free variable is introduced, which
is optimized to further tighten the performance bound. The
main motivation is that previous work relying on the coherence
property did not contain hidden constraints that are suitable
for SD of OMP. Numerical evaluations demonstrate that the
analyzed SD performance guarantee of OMP is tight, especially
when the signal is sparse.

II. COHERENCE STATISTICS

Suppose a random measurement matrix A = [aj,ag, ...,
ay| € CM*N with a,, € CM*1 being the nth column of A.
Each entry of A is constant modulus and drawn from the random
phase rotation variable as

1
VM

where A,,, denotes the mth row and nth column entry of
A, m=1,...,.M,n=1,...,N, and the phase ©,,, is an
independent and identically distributed (i.i.d.) uniform random
variable, i.e., O,,,, ~ U[0, 27). With the construction in (1), A
maintains ||a, || = 1, Vn.

The coherence of A is the maximum absolute correlation
between two distinct columns of A [19], which is given by

1(A) £ max |aja,|, @)
7]

Apn = eje)'m.n’ (1)

where (-)* denotes the conjugate transpose. Characterizing the
distribution of 1(A) is of interest - however, it is challenging to
directly derive the distribution of 1(A) when A follows (1). To
circumvent this difficulty, we relegate to find a lower bound on
the cumulative distribution function (CDF) of x(A) instead. We
start by building a connection between the vector drawn from the
distribution in (1) and the vector consisting of Bernoulli random
variables.

Lemma 1: Letp € and q € RM>*1 be random vectors
with i.i.d. entries p,,, = 1/v/Me’™, 0, € U[0,2r), and ¢, €
{~1/v/M,1/v/M} with equal probability for m = 1,..., M,
respectively. Then, for any unit-norm vector u € CM>*1 the

(CMxl
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following inequality holds

where u € RM*1 has each entry U, = 1/\/M Vm, k is a
nonnegative integer, and the expectations are taken over p and
q, respectively.

Proof: See Appendix A. |

Based on Lemma 1, we characterize a bound on the distribu-
tion of |p*u| below.

Lemma 2: Suppose the vectors p and u defined in Lemma
1. Then, for any 6 > 0, the following inequality holds

2 *% 2 M

Pr(|p‘ul > 0) < (1 - ) T L g>2 @
g

Proof: See Appendix B. |

Remark 1: Tt is also possible to derive an upper bound on

Pr(|p*u| > 0) by leveraging the matrix Bernstein inequal-

ity [20, Theorem 1.6.2], which leads to Pr(|p*u| > ) <

__3Ms2
4e 26VM+6, However, this bound is looser than that in (4).

A lower bound on the CDF of (A in (2) can be found.
Theorem 1: Suppose a matrix A € CM*N consisting of
iid. entries A, =1/vVMe®mn, ©,,, €U[0,27), m =
.wM,n=1,..., N. Then, the following holds for g > 2,

N(N-1)

Pr(u(A) < §) > (1 <1 E)é e_dz‘aM> R

Proof: The inner product between two distinct column vec-
tors of A satisfies

M
1 . .
an2 — Z M ]A@wn Z Mejfnl =p'u, (6)
m=1

where AO,, £ 0,1, — Omn,» M1 7 Na, is the difference be-
tween two independent uniform random variables, whose prob-
ability density function is given by

21— [AOmp| o <
p(AO,) = T if 27.1' < AO,, <27
0, otherwise.

In (6), u follows the same definition in Lemma 1, and we use the
fact that e/2Om = ¢/ mod(AOm.2™) and £, 2 mod(AO,,, 27),
in which mod(a, b) is the modulo b of a. Note that &, ~
U[0,2m) and it verifies that a}, a,,, has the same distribution

as p*u in (6), where L is the equality in distribution.
By Lemma 2, we now have Pr(|a;, a,,| <) = Pr(|p*u| <

§)>1—(1—2/g)" /2% M/9_ Then, the maximum order
statistic of |a}, a,,| is lower bounded by

Pr( max |a}, an,| < (5) =Pr(u(A) <9)

This completes the proof. |
Remark 2: Because Bernoulli random matrices with each
entry filled with iﬁ can be regarded as a special case of the

RPR matrices in (1) when ©,,,,, € {0, 7} with equal probability,
Vm, n, the coherence statistic in (5) also holds for the Bernoulli
random matrix.
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Algorithm 1: OMP for SD.
Input: A, R and K.

Output: S.
1: Initialization: Set iteration number t = 1, rg = y, and
So = ¢.
2: Select the active index: i = argmax,,csc |a,ri-1/.
3:  Update the active support set: S; = Sy—1 U {i¢}.
4: Estimate the signal vector:
X = argmin,, :supp(z)=S; Hy AZ||2
Update the residual: r, =y — Ax; =y — Ag, Xs,.

if |S;| = K then terminate and

return S = S;.
elset=t+ 1and
return to Step 2.

LI

III. SUPPORT DETECTION BOUNDS FOR OMP

In this section, the coherence statistics of RPR measurement
matrices are applied to obtain the probability bounds of SD for
OMP.

A. Measurement Model and OMP Algorithm

Suppose a measurement model
y = Ax, (7

where each entry of A € CM*N follows (1). Here, the assump-
tion is that the number of measurements M is smaller than the
signal dimension [V, i.e., M < N. The signal x € CN*Lin (7)
has K nonzero elements (supports) whose indexes are defined
by the support set

S = supp(x) = {n1,..., N}},

(®)
where |S| = K < M. The goal is to detect the support set S
from the measurement y € C™>! in (7).

An iterative procedure of OMP for SD is depicted in Algo-
rithm 1 for the measurement model in (7). To make sure that the
active index determined in Step 2 is a true support, the following
sufficient condition [19] should be met,

s [ASeTi-1lo
=T <L (C))
[AET1]lo0

where Ag € CM*K s the submatrix formed by taking the
columns of A indexed by S and Agc € CM*(N=K) ig the
complementary submatrix of Ags. The nonzero coefficients
Xs, € C™! estimated in Step 5 are formed by extracting the
nonzero elements of X, € CV*! indexed by S; and given by
Xs, = (A5, As,) 'A% y. It is crucial to recognize that the
updated residual r; is orthogonal to the columns of Ag,. The
OMP detects one support at each iteration and runs for exactly
K iterations.

nilrn, #0,np € {1,...,

P(Pt71)

B. Support Detection Performance Guarantee

We provide the SD performance guarantee of the OMP in
Algorithm 1 as follows.

Theorem 2: Suppose the measurement model in (7) with the
RPR measurement matrix A based on (1). Then, the OMP in
Algorithm 1 detects the K supports of x for any (M, N) with

2\ 2 M
PI“(VSSD) >1-— (1 — g) KN -e HKZ, qg > 2, (10)
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Fig. 1. SD performance guarantees of OMP with the RPR and Gaussian
measurements when N = 200, K = 2, e = 10~ %, and g%t = 2.1020.

where Vssp is the event of successful SD (SSD) after K itera-
tions. When the number of measurements M satisfies

M > gK?In (KN/(e\/1—2/9)), g > 2,
for e € (0,1), Algorithm 1 satisfies Pr(Vssp) > 1 —e.
Proof: See Appendix C. |
To further tighten the lower bound in (11), we optimize the

free variable g by minimizing the right hand side (r.h.s.) of (11)
such that

g™ = argmin f(g) £ gK*In (KN/(ey/1—2/g)).

g>2

an

12)

Theorem 3: The objective function f(g) in (12) is convex for

g > 2 and a closed-form expression of g°" is given by
2

= YN (13)

1 + (Wil(_(KN) e ))
where W_1(-) is the lower branch of the Lambert W func-
tion [21], defined by z = W_;(ze?) for z < —1.

Proof: See Appendix D. |

opt

IV. NUMERICAL SIMULATIONS

To verify the SD performance guarantee in (11), we perform
Monte Carlo simulations in Fig. 1, where the probability of SD
error, i.e., 1 — Pr(Vssp), across different numbers of measure-
ments M for N = 200 and K = 2, is evaluated. In the simula-
tion, the signal x is generated by randomly choosing K supports
with each support having x,, = 1, for n € S, and we compare
with the existing coherence-based SD performance guarantee for
the Gaussian random measurement matrix [5]. In Fig. 1, the ver-
tical lines denote the minimum required M to guarantee the SD
error rate € = 1071, where these values are given by the r.h.s.
of (11) for the RPR measurements (MEDE = 82 with g =
2.1020 according to (13)), and M > CKIn(N/e) for the
Gaussian case (MG, = 168 with C' = 11) [5], respectively.
Seen from Fig. 1, the obtained SD performance guarantee of
RPR matrices provides a tighter characterization than the Gaus-
sian case when the signal is sparse, i.e., K is small.

V. CONCLUSION AND DISCUSSION

The coherence statistics of RPR matrices were analyzed and
applied to obtain the SD performance guarantees of OMP. The
introduced free variable was optimized to further tighten the
SD bound. Numerical simulations corroborated the theoretical
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findings and revealed that including the constant modulus and
unit-norm structure for random measurement ensembles is de-
sirable for SD using OMP.

In this work, we focused on the coherence statistics of RPR
matrices to show the SD performance guarantees of OMP. In par-
ticular, we proved that OMP can achieve SSD with high proba-
bility, provided M = O(K? In(K N)) RPR measurements. It is
of interest to compare our coherence-based analysis with the re-
stricted isometry property (RIP)-based result since they are two
main techniques in analyzing the performance guarantees of SD
for OMP. By using the concentration inequality in [4, Theorem 2]
and the method of proving the RIP for random matrices in [22,
Theorem 5.2], one can obtain that M > 16K In(N/K)/6? is
sufficient for the RPR matrices to satisfy the RIP with high
probability, where 6 € (0, 1) is the restricted isometry constant.
With § < \/1? being a strict condition of SSD for OMP [23], the

RIP-based SD bound can be given by M > 16 K?In(N/K),
which is on par with our coherence-based results in Theorem 2.

Finally, one limitation of the work is that the SD bound
becomes loose as K grows. Seen from Fig. 1, there is still
room for further improvement by investigating a new structure
of random measurement ensembles, which is subject to future
research.

APPENDIX A
PROOF OF LEMMA 1

Proof: The left hand side (l.h.s.) and r.h.s. of (3) can be
rewritten as E[|p*ul>*] = E[| M e~ [2#]/M* and
E[lq a]2*] = E[| M, ¢nl?*]/M?*, respectively, where
Cm € {1, -1}, Vm, with equal probability. Thus, showing the
inequality in (3) is equivalent to showing

M 2k M 2k
ME (|3 e | | <E|Y ¢ (14)
m=1 m=1
The Lh.s. of (14) can be simplified as
M 2k
MPE Z ume_jg’"
m=1
WY, 2 M 2\ k
@ MFE Z U c08(0)| + Z Uy SIN(6,,)
m=1 m=1
S X
2 MYE (Z lum|2> 9k, (s)
m=1

where (a) follows from the equality e 7% = cos(6,,) —
jsin(6,,), (b) is due to the fact that E[cos(0y,, ) cos(0m,)] =
E[sin(0y,, ) sin(b,y,,)] = 0 for my # maq, and (c) holds because
|lul]|]2 = 1. Expanding the r.h.s. of (14) leads to

Y 2k

D G
m=1

E =E [(M +G(M))*]

=E zk: (f) M G(M)

=0
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where G(M) £ Zml 1 Zmz 1.mastm, Gmi Gms- The inequal-
ity in (16) becomes the equality only if k£ = 0,1 because
E[¢my Cms,) = 0 for my # mg. On the other hand, when k& > 1,
the strict inequality in (16) holds because E[¢2/'(%2] =1 for

any positive integers [y, l2, leading to E[G(M)'] > 0 fori > 1.
Combining (15) and (16) results in (14). [ |

APPENDIX B
PROOF OF LEMMA 2

Proof: By using Markov’s inequality, we have for h > 0,
Pr((pul > 5) = Pr(jp'uf? > 8%) < E [e"P7] 1"
)

The term E[e"P"] in (17) can further be upper bounded for
he [0, M/2) by

E[ehPu] < B [eha 8] < (1 -2 h/M)3, (18)
where the first inequality is due to the Taylor series expansion
of E[eMPl*] =372 MR [|p*ul?#] and Lemma 1 applied to
E[|p*ul?*], and @ follows the same definition in Lemma 1.
The last step in (18) follows from the inequality E[e"la™*] <

1/4/1 =2 h/M for h € [0, M/2) in [24, Lemma 5.2].
Inserting (18) into (17) leads to

Pr(jp*ul > 6) < (1 —2 h/M) 7e "% (19)

Because the inequality holds for any h € [0, M/2), substituting
h = M/g, g > 2, into (19) completes the proof. |

APPENDIX C
PROOF OF THEOREM 2

Proof: The proof is inspired by a similar theorem in [5,
Theorem 6] and refines the results for the RPR measurement
ensembles in conjunction with Lemma 2 and Theorem 1. We first
elaborate two events: 1) Vsgsp is defined on the basis of the con-

dition in (9) as Vssp = {max;—1,_r p(ri_1) = M
1}; and 2) The event that ;(Ag) is bounded by 1/K, i.e.,
D £ {u(As) < 1/K}. The event D is to restrict the Vssp on a
special class of A to ease the bound analysis below.
Conditioned on the event D, the probability of SSD can be

lower bounded by

PI‘(VSSD) > PI‘(VSSD n D) = PY(VSSD|D) PI‘(D) (20)
From Theorem 1, Pr(D) in (20) can be lower bounded by
1
Pi(D) = Pr ((s) < 1
L K(K-1)
2\ 2 _ M 2
> [1(1) ¢ gﬂ] e
g

where g > 2. The conditional probability on the r.h.s. of (20)
[A§cri1]ls

can be lower bounded by
< 1D
[AGre-1]l ‘ )
)

(a) v K max, gc |air,_
> Pr | max :GS | it 1
|[Asre-i12

Pr(Vssp|D) = Pr <ma
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V

(b) (
> Pr | max max

t jesc

H Pr (m?x

jeSc

a bt 1| < = ‘D)
. 1
ajbt,1| < ? D

_1 K(N-K)
2 2 _ M
) ‘ gK2]

where (a) is due to the inequality Hu||OO > |lulla/VE
for ue(CKXl (b) comes from b, 1 £ b;_1/|[bi1ll2
where b, 1 21, /(VE|A%Lr, 1]l2) and |[b, 4f2 <1
because |ASr—1l2/lti-1ll2 = \/Amin(ASAs) >
V1— (K -1)pu(As) >1/VK by applying Gershgorin
disc theorem [25], (¢) holds due to the fact that the N — K
columns of A gc are independent, and (d) is due to Lemma 2.
Substitute (21) and (22) into (20) yields

D\ KOV KD
== (1-)

(@) -
21 (1-2)
g

2 -3 __M_
Zl—(l—) KNe 9K2
g

—
3]
~

(22)

IVE
| — |
—
|
7N
—
|

Q |

Nl

where (@) holds because (1 — 2/9)’1/26791% <land K(N —
M
K)+ K(K —1)/2 > 1.Setting (1 — 2/g)""/2KNe 952 <
and taking the natural logarithm of both sides reveals that
Pr(Vssp) > 1 — e when M > gK?In(KN/(e\/1—2/g)). B

APPENDIX D
PROOF OF THEOREM 3

Proof: We first claim that the objective function f(g) in (12)
is convex for g > 2. To show this, we check the second-order
condition f”(g) > 0, where f”(g) is the second-order deriva-
tive of f(g). After some algebraic manipulations, the first and
second-order derivatives of f(g) can be written, respectively, as

2 2
f'(g) = K?In( \1/(11\[72) — 25 and f(g) = ﬁ. Because
f"(g) > 0forg > 2, f(g) is convex.
The optimality condition of (12) can now be described by
using the first-order optimality condition f’(¢°"") = 0 as

Flg™) = g K2/ (g - 2). (23)

Let a =1— &, equivalently _— = 4%, Then, by (12),
the equality in (23) can be rewritten as (z5)% ' = Le =,

This yields v = —(W_1 (—(&5)*e 1)) !, which follows from
the definition of the lower branch of the Lambert W func-
tion W_y(—Le w) = —L and o < 1[21]. Now, by the equal-
ity ¢ = %, we finally have (13). This completes the
proof. |
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